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rh h*¨õxkSSnj^hﬀi `Znj"Snj^r{_ny?
y?zSzSm rµEn_ y?iﬀnpr{jr?ª4iﬀ\^`´¥¦y{~ §P¨©fE~ \^r{p`-h_arP|S`ZÑ±¯fE`-~Ziﬀnpr{jWŁnph|S`Z³r{i `-|'i r+iﬀ\^`´~-r{j^h iﬀmﬀk^~Ziﬀnpr{jÄr?ª	dfEd$iﬀm `-`-h±	wàj
fE`-~Ziﬀnpr{j5*Tê¦`an³` y{h gP_zSi r{iﬀnp~ m `-hﬀkSi h}ª·r{m}iﬀ\^` d¤fEd q°kSi9zSmﬀnp~-` y?j^|­|S`Zi1y nj²iﬀ\^` ¸°kSm r{zU`y?j~y{h `)\Snp~ \
s*k^hﬀiﬀn ª¢gJiﬀ\^`¬k^h ` r?ªxnp~ \y?m |Sh r{j `CµEiﬀm1y?zr{y?iﬀnpr{j ¡¢dfEdWxﬁ_a`Ziﬀ\^rE|£C±­wàj/h `-~Ziﬀnpr{jP2^°¦` zSm `-h `ZjAiiﬀ\^`®d¤fEdÄx
_a`Ziﬀ\^rE|/ª·r{mat_a`Zmﬀnp~y?j q	kSi r{zSiﬀnpr{j^h±8v5njy?g¦nj h `-~Ziﬀnpr{j T¦y~-r{_zy?mﬀnph r{j%)niﬀ\ iﬀ\^` `-hﬀiy?iﬀiﬀnp~-`®y{h1`-|






wàj/iﬀ\Snph+zy?zU`Zm ¯`®~-r{j^hﬀnp|S`Zm yÄ_ y?mﬀ§`Zi_arE|S`Z))\^`Zm ` iﬀ\^` `Z³r{kSiﬀnpr{j%r?ªyÄmﬀnphﬀ§Egy{h h `Zi+nphr³`Zmﬀj^`-| Agiﬀ\^`
¥¦y{~1§A¨©fE~1\^r{p`-hh i rP~1\y{hﬀiﬀnp~´|TnGFO`Zm `ZjAiﬀny?0`-oPky?iﬀnpr{j
dSt
St
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nj )\Snp~ \¶ﬂkSj^|S`Zm¬iﬀ\^`'h r²~y?p`-| mﬀnphﬀ§j^`ZkSiﬀm1y?zSm r{y?Snniàg _a`y{hﬀkSm `
(Wt)0≤t≤T
nphy¤h i1y?j^|^y?m |%¥¦m r)jSny?j
_ar{iﬀnpr{j¶± [ﬂ\^`Îj^r{jSj^`ZAy?iﬀn³`}~-r{j^hﬀi1y?jAi
r















e−rτ (K − Sτ )+
)
)\^`Zm ` T0,T nph)iﬀ\^`´h `Zir?ª°y?¶hﬀi r{zSzSnjS iﬀn_a`-h)niﬀ\'³{y?k^`-hnj [0, T ] ±
cjSn§`¸°kSm r{zU`y?j¬r{zSiﬀnpr{j^hPt_a`Zmﬀnp~y?jq°kSi¯r{zSiﬀnpr{j^h¦~y?jSj^r{i `)³{y?k^`-|aAg~Zprh `-|E¨·ª·r{mﬀ_ ª·r{mﬀ_9kSy{`Îy?j^|m `-oAkSnm `
iﬀ\^`k^h `¬r?ªy?zSzSm r-µTn_ y?iﬀnpr{j/_a`Ziﬀ\^rP|Sh®¡¢h `-` ª¢r{m`CµSy?_zSp`-Ü0/H£C±K9²` y?m `¬~-r{j^~-`Zmﬀj^`-|­)niﬀ\/|Tnph ~Zm `Zi `jAkS_a`Zmﬀnp~y?
_a`Ziﬀ\^rE|Shay?j^|­m `-~y?¦iﬀ\y?iiﬀ\^`Zm `®y?m ` ià¯rW_ y?nj8|Tnph ~Zm `Zi `jAkS_a`Zmﬀnp~y?y?zSzSm ry{~ \^`-hD8 r{j^`¬nph9iﬀ\^`zSm r{y?Snnphﬀiﬀnp~
y?zSzSm ry{~1\¤y{h `-|Wr{jÄiﬀ\^`+y?zSzSm r-µTn_ y?iﬀnpr{j²r?ª |TnGFUk^h npr{jÄPgGdWy?mﬀ§r»³G~ \y?nj^ha¡Hiﬀm `-`"_a`Ziﬀ\^rE|ShY£CUiﬀ\^`"r{iﬀ\^`ZmÎr{j^`9nph
iﬀ\^`"y?jy?gPiﬀnp~´y?zSzSm ry{~1\Gm `Zy?i `-|®i r+iﬀ\^`}|Tnph ~Zm `ZiﬀnN<»y?iﬀnpr{jWr?ª0iﬀ\^`}³y?mﬀny?iﬀnpr{jy?¶nj^`-oPky?niõg®h1y?iﬀnph*«`-| Pgiﬀ\^`}r{zSiﬀnpr{j
³y?k^`¡ý«^jSni `"|TnGF`Zm `Zj^~-`"r{m«^jSni `´`Zp`Z_a`ZjPi h_a`Ziﬀ\^rP|ShY£C±¦[ﬂ\^`´_"kSiﬀnzSnp~y?iﬀn³`Snj^r{_ny?T6¦rµP¨õxrh h*¨õxkSSnj^h i `Znj
_arE|S`Z$- *I/\y{h®y?j njAi `Zm `-hﬀi®r{j \Snphr»)jy{h yJy{hﬀnp~Ä|Tnph1~Zm `Zi `C¨Ñiﬀn_a`Ä_arE|S`Zª¢r{miﬀ\^`GkSj^|S`ZmﬀgEnjS y{h h `Zi r?ª"y
«^jy?j^~Zny?¦|S`Zmﬀn³{y?iﬀn³`0~-r{jA³`ZmﬀnjSWi r iﬀ\^`|TnGFUk^h npr{j²zSm rP~-`-h1h ¡*»£kSj^|S`Zm"y?zSzSm r{zSmﬀny?i ` ~-r{j^|Tniﬀnpr{j^h»±
,
j^`r?ª¦ni h
_ y?njWy?iﬀiﬀm1y{~Ziﬀn³`}ª·`y?iﬀkSm `}nph)iﬀ\^`´`y{hﬀnj^`-h1hr?ª4h i1y?j^|^y?m |'r{zSiﬀnpr{j'zSmﬀnp~ZnjS Pgy{~1§Pﬂy?m |'nj^|Tk^~Ziﬀnpr{j¶±
¶`Zi
N
|S`Zj^r{i `¬iﬀ\^` h i `Zz­jPkS_9`Zmr?ªiﬀ\^`iﬀm `-`¬y?j^|
∆T = TN
iﬀ\^`¬~-r{mﬀm `-hﬀzr{j^|TnjSWiﬀn_a`C¨õh i `Zz¶±G[ﬂ\^`pr{{¨
j^r{mﬀ_ y?5|TnGFUk^h npr{j'zSm rP~-`-h1h
(Sn∆T )0≤n≤N





Y1, . . . , YN
y?m `nj^|S`Zz`Zj^|S`ZjAiy?j^| np|S`ZjPiﬀnp~y?g|TnphﬀiﬀmﬀnSkSi `-|
)niﬀ\Ä³{y?k^`-hnj {d, u} ±	¶`Zik^h|S`Zj^r{i `´Ag pu = P(Yn = u) = 1 − P(Yn = d) ±
Îk^hﬀ\Sj^`Zm èhiﬀ\^`-r{m `Z_ -Ü0/0h1y-gTh
iﬀ\y?i¯iﬀ\^`prE~y?~-r{j^hﬀnph i `Zj^~Zg+~-r{j^|Tniﬀnpr{j^h»Aiﬀ\y?i¯nph°iﬀ\^`_ y?i ~1\SnjS+y?i¯iﬀ\^`ﬂ«^m hﬀi¦r{m |S`Zm¯r?ªOiﬀ\^`)«^m hﬀi¦y?j^| h `-~-r{j^| _ar?¨
_a`ZjPi h r?ªUiﬀ\^`¯pr{Ay?mﬀniﬀ\S_np~nj^~Zm `Z_a`ZjAi h r?ªUiﬀ\^`y?zSzSm r-µTn_ y?iﬀnjS9~ \y?nj )niﬀ\iﬀ\^rh `ﬂr?ªiﬀ\^`)~-r{jAiﬀnjPk^r{k^h*¨Ñiﬀn_a`n_ni
m1y?jPi´iﬀ\^`+~-r{jA³`Zmﬀ`Zj^~-`ar?ª¦iﬀ\^`+`CµEz`-~Zi1y?iﬀnpr{j^h´r?ª¦h _arPr{iﬀ\Wª¢kSj^~Ziﬀnpr{jy?ph±9[ﬂ\^`-h `"«^m hﬀiÎià¯r®_ar{_a`ZjPi h}_ y?i ~ \SnjS
~-r{j^|Tniﬀnpr{j^hm `y{| {
pu log u+ (1− pu) log d = (r − 12σ2)∆T
pu(log u)
2 + (1− pu) (log d)2 = σ2∆T.
¡·Ł£
wàjiﬀ\^`(6¦rµP¨õxrh h*¨õxkSSnj^h i `Znja_arP|S`ZÑAiﬀ\^`)zSmﬀnp~-`y?i	iﬀn_a`











vN (N,x) = (K − x)+




upu + d(1− pu)
[





ψ ≡ 0 ¡Hm `-hﬀz¶± ψ(x) = (K − x)+ £C± wõj®iﬀ\^`´¸°kSm r{zU`y?jG~y{h1`
vN (n, x) =
1










E[Y1] = upu + d(1 − pu) njiﬀ\^`ay{~Ziﬀky?nN<»y?iﬀnpr{j²ªÑy{~Zi r{m h}nj%¡%*£Îy?j^| ¡2P£`Zj^hﬀkSm `-hÎiﬀ\y?i´iﬀ\^`
zSmﬀnp~-`-h9~-r{_zSkSi `-|njWiﬀ\^`Snj^r{_ny?	_arE|S`Z°y?m `ay?mﬀSniﬀm1y?`C¨·ªHm `-`±"wõj¤r{m |S`ZmÎi r r{Si1y?nj²`CµEzSnp~Zni´`CµTzSm `-h hﬀnpr{j^hª·r{m
iﬀ\^`Îzy?m1y?_a`Zi `Zm hr?ª4d¤fEd2iﬀm `-`-h»T¯`ÎzSm `Cª·`Zm)i r+n_zUrh `Îiﬀ\^`«^m h i`-oAky?niàgnjJ¡·Ł£¯m1y?iﬀ\^`Zm)iﬀ\y?j®iﬀ\^`Î_ar{m `}k^h ky?
~-r{j^|Tniﬀnpr{j
upu + d(1 − pu) = er∆t ± br{iﬀnp~-`aiﬀ\y?i´kSj^|S`Zm ¡·Ł£Z¶iﬀ\^`ay{hﬀi9`-oPky?niõg¤\^r{p|Sh´kSz­i rGy i `Zmﬀ_2)niﬀ\
r{m |S`Zm O((∆T )2) ±
[ﬂ\^`njSniﬀny?	zSmﬀnp~-`®¡Hm `-hﬀz¶±}|S`Zi1y£r?ª iﬀ\^`+q	kSi}r{zSiﬀnpr{jnjiﬀ\^`+¥¯y{~1§A¨©fE~1\^r{p`-h}_arE|S`Z4~y?j`y?zSzSm rµEn_ y?i `-|²Ag
ÉHÝ0Ç0É 
 
		 	ﬁﬀﬂﬃ "!#$%&'(& ﬃ)	ﬂﬃ 
vN (0, s0)
¡Hm `-hﬀz¶±'iﬀ\^`¬y?_ar{kSjAi vN (1,s0u)−vN (1,s0d)
s0(u−d)
r?ªmﬀnph §PgJy{h h1`Zi´nj­iﬀ\^` m `ZzSnp~y?iﬀnpr{j/zUr{mﬀi*ª·r{nprÄr{j­iﬀ\^`a«^m h i




kdn−k), 0 ≤ k ≤ n) Ag y{~1§Pﬂy?m |'nj^|Tk^~Ziﬀnpr{jÄr{j n ±
[ﬂ\^`k^h ky?@6¦rµP¨õxrh h*¨õxkSSnj^h i `Znjiﬀm `-`¡H\^`Zj^~-`Cª·r{mﬀiﬀ\ |S`Zj^r{i `-|K6¦xx£	~-r{mﬀm `-h zUr{j^|Sh¦i r"iﬀ\^`~1\^r{np~-`
u = 1d =
eσ
√
























h1`-~-r{j^|'`-oAky?niàg nj­¡·Ł£¯nphh1y?iﬀnph*«`-| )\^`Zm `y{hiﬀ\^`´|TnGFO`Zm `Zj^~-`}U`Zià¯`-`ZjÄUr{iﬀ\Gh np|S`-h)r?ª5iﬀ\^`Î«^m h i`-oAky?niàg¬nj¡·Ł£
nphr?ªr{m |S`Zm
(∆T )2
±²[ﬂ\Snph+nph+hﬀkT¼ ~Znp`ZjPii rW`Zj^h kSm `®~-r{jA³`Zmﬀ`Zj^~-`®i rWiﬀ\^` ¥¦y{~ §P¨©fE~ \^r{p`-ha_arE|S`Zﬂnj/iﬀ\^`n_ni







m `-h zU`-~Ziﬀn³`ZgWnj¤iﬀ\^` 6¦r-µE¨õxrh1h*¨õxkSSnj^hﬀi `Znj¤_arE|S`Z y?j^|¤nj¤iﬀ\^`¥¦y{~ §P¨©fE~ \^r{p`-h"_arE|S`ZÑ±chﬀnjS
iﬀ\^` 6ﬂy? ¨õq	kSizy?mﬀniàg¬m `Zy?iﬀnpr{j^hnj'r{iﬀ\®_arP|S`Zphy?j^| m `-hﬀkSi hn³`Zj®ª·r{m)iﬀ\^`L6ﬂy?¶r{zSiﬀnpr{jÄnjJ- 2/õ^r{j^`}`Zi h
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N = 2m+ 1
1ﬃ(:? ﬂ I
κN = 1/2
 ﬂ ﬀﬂ.    )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ε = −1  	<  &N
=
A? ﬀ))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k ∈ {1, . . . , N−1} £ê«^jy?Sj^rE|S`)r?ªUiﬀ\^`ﬂiﬀm `-` 8 K = s0ukdN−k




) = q log u+ (1− q) log d )\^`Zm ` q = kN
±
6¦r{_zSp`Z_a`ZjPiﬀnjS/iﬀ\Snpha`-oAky?iﬀnpr{j%)niﬀ\8iﬀ\^` «^m hﬀiiõ¦r²_ar{_a`ZjPia_ y?i ~ \SnjS~-r{j^|Tniﬀnpr{j^hW¡·Ł£C¯¯` ﬂy?jAi i r¤«^j^|
(log u, log d, pu)
)niﬀ\
log u > log d
y?j^|
pu ∈]0, 1[ h r{³EnjSGiﬀ\^`aª¢r{pr»)njSWhﬀgThﬀi `Z_ r?ª`-oPky?iﬀnpr{j^h9)niﬀ\kSjT¨
§Ej^r)j^h
(x, y, p) 

qx+ (1− q)y = α
px+ (1− p)y = β
px2 + (1− p)y2 = γ
¡·£
)\^`Zm `
















¥ﬂ`-~y?k^h `r?ª¦iﬀ\^`h iﬀmﬀnp~Zi9~-r{jA³`CµTniõg¤r?ªﬂiﬀ\^`h oAky?m `ª¢kSj^~Ziﬀnpr{j¶0iﬀ\^`+iõ¯rGy{hﬀi´`-oPky?iﬀnpr{j^h}n_zSgiﬀ\y?i
γ > β2






'     	ﬂ 	
γ > β2

q ∈]0, 1[ * ﬂ=H	ﬂ="I	  , ,$ =	=¤¡·£ $	 ,+ﬀ 	& 	  
 &  	%=
(pi, xi, yi)i∈{1,2}


















	ﬁ   
=




q¯ = 1− q   ¡·£   .I =  (p¯i, x¯i, y¯i) = (1− p3−i, y3−i, x3−i)   i ∈ {1, 2}  ﬂO   (pi, xi, yi)i∈{1,2}
 	  	ﬂO7 & O	%= ﬀ7	ﬂO N ?&T
I 	 ﬂ 9) O	%ﬀ  &G
A ﬂO
q = 12


















α 6= β  [ﬂ\^`Zj iﬀ\^`Ä«^m hﬀi iõ¦r8`-oAky?iﬀnpr{j^h'y?m ``-oPkSn³{y?p`ZjPi®i r p 6= q  x = α + (1 − q)β−αp−q
y?j^|










x = α+ (1− q)β−αp−q , y = α− q β−αp−q




a = (α− β)2 + (γ − β2)
b = −(α− β)2 − 2q(γ − β2)
c = q2(γ − β2)
.
[ﬂ\^`"|Tnph ~Zmﬀn_njy?jAi
∆ = (α − β)2 [(α− β)2 + 4q(1− q)(γ − β2)] r?ª4iﬀ\^`´y{hﬀi`-oPky?iﬀnpr{jGnphzUrhﬀniﬀn³`"y?j^|'¯`
|S`-|Tk^~-`9iﬀ\y?iiﬀ\Snph`-oPky?iﬀnpr{jÄy{|T_ni hià¯r m rPr{i h 8
p1 =
−b+ (β − α)
√










P (z) = az2 + bz + c
y?ph r+)mﬀni `-h
P (z) = (α− β)2(z2 − z) + (γ − β2)(z − q)2 Sr{j^`
`y{h ng'~ \^`-~ §Thiﬀ\y?i
P (z) > 0
ª·r{m
z ∈ R\]0, 1[ y?j^|Giﬀ\y?i P (q) < 0 ±ﬂ[ﬂ\^`Zm `Cª·r{m `9r{j^`"r?ª	iﬀ\^`´m rEr{i h`Zpr{jShi r
ÉHÝ0Ç0É 
 




±ﬂdWr{m `}zSm `-~Znph `Zg
sign(p1 − q) = sign(β − α) = sign(q − p2) ±¯u`Zj^~-`´iﬀ\^`





]0, 1[×{(x, y) ∈ R2 : x 6= y} )niﬀ\
xi = α+ (1− q)β − α
pi − q
y?j^|
yi = α− q β − α
pi − q
ª·r{m
i ∈ {1, 2}.
br{iﬀnp~-`}iﬀ\y?i
xi = yi +
β−α
pi−q







 fPnj^~-`}¯`y?m `ÎprPr{§EnjSª·r{mh r{kSiﬀnpr{j^h))niﬀ\









x = (β + (q − 1)y)/q

















x1 = β +
√
(1− q)(γ − β2)
q
y?j^|
x2 = β −
√












]0, 1[×{(x, y) ∈ R2 : x 6= y} ±





k ∈ {1, . . . , N − 1} Siﬀ\^`´h r{kSiﬀnpr{j^h (pi, xi, yi)i∈{1,2}





log u = x1
y?j^|
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log u = α+ (1− q) β−αpu−q
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T 2 + 124σ
















+ O ( 1m2 ) ±G[ﬂ\Snph
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PBS = Ke
−rTN (−d2) − s0N (−d1) y?j^| δBS =
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d31 + d2 − d32 − d1
8
+ ν − µ
)
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 Ł 2A 
m2 ×
(
P2m − PBS − CPm
)
T±ÜT1** T±ÜT1*B022 T±ÜT1*B T±ÜT1**
m2 ×
(
δ2m − δBS − Cδm
)
















i ∈ {1, . . . , p − 1} Or{j^`+~-r{kSp|hﬀiﬀk^|Tg'iﬀ\^`y{hﬀgE_zSi r{iﬀnp~+`CµEzy?j^hﬀnpr{jr?ª iﬀ\^`+¸	kSm r{z`y?j
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2×√4 = 4 ±
N i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7
q°mﬀnp~-` Ł ± *ŁB T±ÜBB{ T±ÜŁB02 À      ¨àT± 2AB{ ¨àT±ÜB{ ¨1±ÜŁB*
 ± 2AŁ T±CB{ T± *TŁ À   )  ¨àT± 2ﬃ*T 2 ¨àT±ÜT1*I2 ¨1±CB{Ł
*Ł ±ÜBB T±CB{B{ T± *I2A* À   )	1) ¨àT± 2AŁ ¨àT±ÜB{I2 ¨1±CBEDB*
Ł ±Ü T±ÜTDB* T± * À 
     ¨àT± * ¨àT±ÜT ¨1±Ü
Î`Zi1y Ł T± *I2A T±DB{B T±ÜŁ     )  ¨àT±ÜB02A ¨àT±I2 ¨àT± ***Ł
 T± *I2ﬃ*T T±DB02A T±ÜB{B      )	 ¨àT±ÜB{ ¨àT±DBEŁ ¨àT± **I2
*Ł T± *I2^ 2 T±DB* T±ÜB{    	     ¨àT±ÜB{ ¨àT±DB{ŁT ¨àT± **T
Ł T± *I2A T±DB*I2 T±ÜBBB    	   ) ¨àT±ÜBB{ ¨àT±DB{Ł ¨àT± **
[0y?Sp`ŁO8
√
N ∗ (MSM(k = i ∗ (N/8)) −BS) ¡¢h `-`Îi1y?Sp` ª¢r{m)iﬀ\^`}zy?m1y?_a`Zi `Zm hC£
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q = m/2m = 1/2
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β = (r − σ22 ) T2m
y?j^|
γ = σ2 T2m
































































































































log d = α− β−α
2(pu− 12 )
r{j^`Î\y{h
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+O ( 1m2 ) ± 9 niﬀ\­¡ﬁB£CSr{j^`´|S`-|Tk^~-`-h
2upu
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n! ∼ e−(n+1)(n+1)1/2+n√2pi [1 + 112n +O ( 1n2 )] r{j^`¦~ \^`-~1§Eh°iﬀ\y?i5r{iﬀ\iﬀ\^`¦~-rE`CªH¨
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zSm r{zrh `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v^r{m
m ∈ N hﬀk^~ \iﬀ\y?i 2m ≥ ( rσ − σ2 )2 T iﬀ\^`dfEdWx"¡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vA4m (1, s0u4m)− vA4m (1, s0d4m)
s0 (u4m − d4m) −
vA2m(1, s0u2m)− vA2m(1, s0d2m)
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ψ(x) = (K − x)+
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